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The beam normal spin asymmetry for the elastic eN scattering is studied in the leading logarithm 
approximation. We derive the expression for the asymmetry, which is valid for any scattering angles. 
The result is compared with the results of other authors, obtained for the forward kinematics. We 
also calculate the numerical values of the asymmetry at intermediate energy and show that they are 
consistent with existing experimental data. 
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I. INTRODUCTION 

During last few years a lot of effort has been made in experiment and theory to get an information about effects 
beyond the one photon exchange approximation in the elastic eN scattering. Such a study is important to get reliable 
information on the nucleon structure at short distances. 

In light of this, one-particle polarization observables, the target and beam normal spin asymmetry, are of special 
interest due to the following circumstance. First, these quantities disappear in the one-photon approximation and 
thus give a direct information on the two-photon exchange in the eiV scattering. Second, they are proportional to 
imaginary part of the amplitude, which is easier for theoretical analysis, than the real part in the second order of the 
perturbation theory. 

Recently first experimental results on the beam normal asymmetry in the elastic ep scattering, B n , have been 
reported 0,0]. 

Theoretical analysis of B n was done in the framework of different models 0, Gl 0- IE @ • The asymmetry B n is 
proportional to the fine structure constant a ks 1/137, as well as to the electron mass to. Important feature of this 
quantity is that it contains terms, proportional to the large logarithms, In 2 (Q 2 / m 2 ) and ln(Q 2 /m 2 ), Q 2 = —q 2 , where 
q 2 is the momentum transfer squared. 

The latter effect was discussed for the forward kinematics at high electron energy 0,13- However somewhat different 
approach was used in 0, see Sec. for the detailed consideration. 

In the present paper we calculate the leading logarithmic contribution to B n at any momentum transfer and 
energy. For the forward kinematics we obtain the Q-dependence identical to ||, nevertheless, the beam asymmetry 
has different relation with electromagnetic transition amplitudes. 

The paper is organized as follows. In Section [H] we discuss kinematics and introduce notation. Basic formulae 
and the general structure of the beam normal spin asymmetry in terms of hadronic and leptonic tensors are given in 
Section ITjTl The double- logarithmic contribution is calculated in Section llVl In Section we consider the forward 
kinematics and compare our results with the existing calculations. Numerical results and comparison with experiment 
are given in Section IVII Concluding remarks are summarized in Section IVIII 



II. KINEMATICS AND NOTATION 



We consider the reaction 

e + N^e + N. (1) 

The initial electron and nucleon momenta are denoted k and P, respectively, and the final momenta k! and P'. The 
transferred momentum is q — k — k' (q 2 < 0), and the cm. energy squared is s = (P + k) 2 = [P 1 + k') 2 . Nucleon and 
electron masses are denoted M and to, respectively. We will not neglect the electron mass in the following. 
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P P" P' 

FIG. 1: Two photon exchange for the elastic eN scattering. 



The target nucleoli is nonpolarized, the beam electron is polarized along the normal to the reaction plane. There 
are two possibilities: its spin 4- vector can be either or —S^, where 

S„ = Ae v ^ T k v P a P' T , A > such that S 2 = -1. (2) 

Denoting corresponding cross-sections o\ and , we define the beam normal asymmetry by 

Bn = (3) 
0\ + O-J. 

It can be shown that B n is proportional to the absorptive part of the scattering amplitude and unitarity can be used 
to evaluate it. In the lowest order of a the intermediate state, entering the unitarity relation, consists of the electron 
(with momentum k") and some hadronic state; its momentum is denoted by P" = P + qi = P' — q%, see Figure^ The 
mass of the hadronic intermediate state is W = \J P" 2 . For inelastic proton) states it varies from Wth = M + m, 
(where m„ is pion mass) to its maximal possible value W max = \fs — m. 

In the cm. frame we use the following notations for components of the electron momenta k = (e,k), k' = (e, k') 
and k" = (e",k"). The incoming (outgoing) electron energy e and the intermediate electron energy e" read 

s - M 2 + m 2 s - W 2 + m 2 

(= 2V i ' 6 = 2V i ■ (4) 

The scattering angle (between k and k') is 8, the angles between k" and the momenta k and k' are 8% and 02, 
respectively. The transferred momenta squared are 

q 2 = -Q 2 = -4\k\ 2 sm 2 9/2, qj = A - 4|fc| \k"\ sin 2 6 1 /2, q 2 = A - 4|fc| \k"\ sin 2 2 /2, (5) 

where A = -2(ee" - \k\\k"\ - m 2 ) < 0. 

We denote Dirac matrices 7 M and a = . 
Electromagnetic current matrix elements for the nucleon are 



2M{G E ^G M y-^ + G M r 



\PX), (6) 



(p'xy^px) = (p'x'it^px) = (p'x' 

' + 

where \PX) is the nucleon state with momentum P and helicity A, P + = P + P' , Ge = G^((? 2 ) and Gm = G^[(q 2 ) 
are nucleon elastic formfactors. 

Current matrix elements between the nucleon and other hadronic states can be expressed via 3 independent invariant 
amplitudes fx with A = ±1,0: 

e^{hk\J^/ 2 ) =/fV)<W/ 2 , e <r A ><fc-A|J"|P- 1 / a ) =Vkfi h \q 2 )S A , x+W2 . (7) 

Here % = 7r/ l e J7r ( s ' 1-1 / 2 ', h is the intermediate hadronic state, s^, are its spin and parity, A is spin projection onto 
the vector P. The quantities /■[ can be considered as helicity amplitudes of the process 7*7V — > h. The are 
polarization vectors of virtual photon with helicity A. They satisfy orthogonality relations 



5>l)* e WSW=^_a^, fe( J > = (-l)V. (8) 
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III. BASIC FORMULAS 



We start from the general formula for B n , which can be derived, using unitarity, in the same manner as the target 
asymmetry in 



Br, 



iaq 



d 3 k" 1 
2tt 2 D J ~2?>~~qjql 



L a ^ ]T w^{p'\' p] p\ p ) (p\ p \r a \p'x' p ) 



(9) 



where 



D = 4 



(2s - 2M 2 - Q 2 f 
4M 2 + Q 2 



(4M 2 G| + Q 2 G 2 M ) - Q 2 (U4 2 G% - Q 2 G 2 M ) 



the hadronic tensor Wn» is defined as 



W^(P'X' pl PX p ) = J2(^) 4 5(P+k-P" -k")(P' X' p \J^\h)(h\J v \PX p ) 



(10) 



(11) 



and the leptonic tensor is 



V 



= -Tr (k' + m)j»(k" + m)Y(k + m)j 5 S~/ c 



(12) 



Contrary to the target normal asymmetry A n , the asymmetry B n vanishes in the to — > limit. It can be easily 
seen from the expression for L a ^ v . Thus we cannot neglect to completely, but instead we will systematically neglect 
o(m) terms. Another significant feature of B n is that it contains logarithmic and double-logarithmic terms ~ mln 

and ~ mln 2 which is not the case for A n . 

Consider the integral in @ written in general form as 



I = m 



d 3 k" 1 
2e" q\q\ 



Y(W,qi,q 2 2 ) + o(m). 



(13) 



There is no explicit to dependence in Y, but the indirect dependence (through q\ and q 2 ) is present. The function Y 
can be assumed to be symmetric under the exchange of q\ and q 2 . If we put to = in the integrand, the integral will 
have two types of singularities. The first singularity appears when q\ — ► 0, but q\ is finite or vice versa, q\ — ► 0, but 
q\ is finite. The second singularity appears when W — ► W^ma*; in this case both qf and q 2 — > 0. However, for m/0 
the integral is nonsingular; those "singularities" result in the above-mentioned In to and In 2 to terms. To isolate the 
singularities, we rewrite the function Y as 



Y(W, ql q%) = Y(W, ql q 2 2 ) + [Y (W) - Y (W max )} + Y (W max ), 



(14) 



where Y (W) = Y(W, 0, -4|fc| \k"\ sin 2 9/2), Y = Y-Y . After that we integrate each addendum separately, neglecting 
the terms which are zero in the to — > limit (for the details sec Appendix). The result is 



/ 



d 3 k" 1 
2e" q 2 q\ 



Y(W,q(,q 2 2 ) 



d 3 k" 1 ~. T „ 2 2 , 2tt 
Y(W,qj,q 2 2 ) - — 



2e" q 2 q 2 



In 



Q s-W 2 \ Y (y/I)-Y {W) 



mW 2 - M 2 



W 2 



dW 2 + 



^Y (^- S ) 



I In 2 g + £ - l -F{- cos 2 9/2) F(6) ln(l + 6) In 
8 to 8 4 too 



(15) 



where S = — th „..> — and i 7 " is the Spence function, 



no 



ln(l + a;) 



(16) 



All essential m dependence is written out explicitly, otherwise one can put to = 0. For this reason we write in the 
above formula, for instance, y/s instead of W max . 
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IV. LEADING LOGARITHM APPROXIMATION 



Later on we will study the double-logarithmic contribution only, i.e. we put 

d 3 k" 1 /TT o 2 , 7rY (Js) 2 Q 2 
2e" gjgj 4Qr m z 

The logarithm is quite large even for relatively small Q 2 , e.g. if Q 2 = 0.25 GeV 2 , then In 2 w 200, and it should 
give a large, if not dominant, contribution to the full answer. 
Now we will evaluate Yo(y/s). 

The hadronic tensor was calculated in [Tjj ■ The condition W = \/s implies that the rest frame of the intermediate 
hadronic state, used in [lOj . coincides with the cm. frame and q\ = q 2 = —2m(e — m) « 0. The answer is 

W liV {P'X' p] PX p ) = £ eZ XpX) s ( 2 ]y ] x (18) 

A,A' = ±1 

x£'(2^) 4 <5(P + k P")fi h) (0) / ^(0) ^-%i s ; (2A+1)iA , (2V+1) (0, 0, 0), 
/i p 

where T> is Wigner D-function and ^2' h means sum over all intermediate hadronic states, but without summation over 
total angular momentum projections (for more detail see |l0j). 
The leptonic tensor L aiiu can be rewritten as 

V = - ( k 'K\^W'jz)(k''j z h,\kX e )(kX e \ 1 5 S la \k'X' e ) = - hUk'K;kX e )(kX R \j 5 Sj a \k'X' e ), (19) 

where A e , X' e are electron hclicities, j z is spin projection of the intermediate electron (one cannot use helicity for the 
electron at rest). The tensor can be calculated similarly to the hadronic tensor W^ u ; the difference is that (i) the 
only intermediate state is electron and (ii) the virtual photons, absorbed by the nucleon, are emitted by the electron 
and therefore their polarization vectors £2^ should be conjugated. We have 

l, v {k'X' e] kXe) = £(-!) A+A ' eZ XcX) eg Ky) fi e \q 2 ) /J ) (^)2?^ ( a 2 ) A+1)iVe(2V+1) (0,6l,0) (20) 

A, A' 

with the following transition amplitudes for the electron 

A ( V)ee0, /( e V)=2m, f[% 2 ) = -^2q^. (21) 
Since q\ = q\ = —2m(e — m) we see that / ~ y/m and is to be neglected. After that 

, . *(-2A e ) (-2A') 9 + Tr(X e -X' e ) 

l IMV = Amee\ v c >s^ cos K — Si. (22) 



Now the lcpton tensor becomes 

« (-2A.) J-2A'J _ 6> + 7r(A e - ^) 

A e ,A' 



L a ^ = -4meX: cos - + ^ - K) (kX e tf S la \k> X' e ) . (23) 



The operator ^ S^ a flips the electron helicity. Indeed, 7 5 5' is the operator of spin projection onto the axis, orthogonal 
to the electron momentum and thus flips the helicity, while 7" is the operator of the electromagnetic current, which 
is helicity-conserving. So one concludes that A e = — A^ and the virtual photons should have opposite helicities. This 
is the reason why B n cannot be expressed through the total photoabsorption cross-section. 
After that the leptonic tensor reads 

L Q ^ = 4mesin0/2^2A e l^ 2Ac) e 2 2 AI Ae) (fcA e | 7 5 57 Q |fc'-A e ) . (24) 

Ae 

To proceed further, we use 

(fcA e |7 5 5 7 Q |fc'-A e )(PA p |r Q |P'A;) = 4ie{-MG M sh(<p(X p + X p ))sm6/2 sin ( g+ " (A ^ Ap) ) + 

+ 4lJw( 2Ae ) [2M^G E ch(<p(X p - A;)) cos 0/2 cos (^^) + (25) 
+(s - M 2 - Q 2 /2)G M chMA p + A;)) sin 9/2 sin ( 9+7r(A |~ Ap) )] } , 
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where sh tp = e/M. 

Putting all this together, we obtain 



h 

a- 



D(AM 2 + Q 2 ) s v m 2 

x {2 A /- 1 P_ 1/2 , 3/2 {G E s _ 2 ^f Q2/2 cos 2 0/2 + G M sin 2 0/2 + (26) 

+ ir ? , l sm0(|/ 1 | 2 P 3/2 ,_3 /2 + |/_ 1 | 2 P_ 1/2 . 1/2 ) (^ s _^t M Q2 /2 - G ^ 

where XVa = ^^(0,9, 0) and f x = /\ (0). Note that the summation is restricted to the hadronic states with a 
mass of y/s and thus (i) there is no elastic contribution to (|26|) and (ii) at fixed 9 the dependence of B n versus energy 
has a resonant shape with maxima near existing baryon resonances. 

V. THE LIMIT OF FORWARD SCATTERING 

In this section we compare our results to the analytic results of other authors. 

Our expression (|2fi|) obtained in the leading logarithm approximation is not restricted to small scattering angles 
(the limits of our approximation will be discussed below). This makes our result quite different from the results of 
0,0, where only forward kinematics was discussed. 

Consider the forward scattering. Taking into account that 

£> A 'a(0, 9, 0) - (sin6»/2) |A - A ' 1 ~ Q |A " V| , at 9 -> 0, (27) 
we obtain the main contribution in the 9^0 limit: 

AmMa (s — M 2 ) 2 , , Q 2 v-v. ~ . „, 
S « * D(AM 2 + Q 2 ) s Si ^ /2 h ^EW^ + *-^ X 

AMy/s f x f-iD_ 1/2fi/2 G E + r) h sin0/2 |/-i| 2 P-i/ 2 ,i/ 2 (G B (s + M 2 ) - Gm(s - A/ 2 ))| (28) 
with the scaling law 

O 2 

B„~Q 3 ln 2 ^. (29) 

It agrees with the Q-dependence obtained in However, the connection with the hadron transition amplitudes is 
different from the connection derived in Q. To compare our results, we have to adjust the notation. The helicity 
amplitudes of real Compton scattering Tyy :XXp , used in ||, are related to the hadron photoproduction amplitudes 
by 

2 Im T x ,y plXXp = A^aY^{^f5{P+k-P")} 2X , pX ,f 2XpX V Xp+x , x , p+x , . (30) 

h 

Neglecting terms with higher powers of 6, the double-logarithmic contribution from Eq. (23) of reads 

AmMa (s-M 2 ) 2 „ , , ? Q 2 \-^> Ilr/ , m 
* D(AM 2 + Q 2 ) s Sm9/2 ^2 5- ( ^ ( ^ X 



x |4MVi / x /_iX>_ 1/2 , 3/2 G B + 2M 2 % sin0/2 |/_i| 2 2?_i A i /2 G B } , (31) 

which is not identical to (|28|l . Contrary to our result, the magnetic formfactor Gm does not enter Ij31|) . Note, that 
this difference becomes crucial for the neutron target, because Ge ~ for the neutron and the expression (|31J) just 
vanishes in that case. 
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In B n was studied using somewhat different approach. While we picked up terms with the highest power of the 
large logarithm, the authors of looked for the terms with the lowest power of Q in the limit of forward scattering. 
Their result behaves like: 

O 2 

B„~Qln^. (32) 

We see that the pre- logarithmic multiplier is Q instead of our Q 3 , but on the other hand the logarithm is not squared. 
In our approach such term comes from the second integral in the r.h.s. of H15|) . Comparing (|32|) and Ij28(l one can 
figure out the applicability conditions for each of the expressions. First, both of them need 

O 2 

ln-^>l. (33) 
To be able to neglect l|3^1l compared to <j2l3|) . one also needs 



sin 2 0/2 ln-^ > 1, (34) 



in 



under such condition our approximation is justified. On the other hand, for the validity of (|32|l . the inverse relation 

is needed, sin 0/2 < 1. In this case the scattering angle should be extremely small, because of the large 

logarithmic factor in the l.h.s. 



VI. NUMERICAL RESULTS 



We have calculated numerical values of B n for ep — > ep using formula i|26|) . at electron lab. energies Ey^ = 0.2, 
0.3, 0.57 and 0.855 GcV. The first value corresponds to the SAMPLE experiment the second is near the Delta 
resonance peak and the last two are MAMI experimental points 0]. Those energies are not far from the threshold, 
and thus the parameter 8, entering (|15f) . is not small. So, to obtain more accurate result we also take into account 
last two terms in the square bracket in l|15|) . This corresponds to replacing 



2 n2 

(35) 



l n 2 * ln 2 - 



2 2 



F(<J)+ln(l + <J) ln-2- 
md 



in the formula (|2(j[l. 

We assume that the intermediate hadronic states are three lightest resonances, ^33(1232), Di3(1520) and 5n(1535). 
We also add the contribution from the threshold pion production in the s-wave, which is especially important for 
-E'lab = 0-2 GcV. In this case the intermediate hadronic state h is ir + n with the total angular momentum = 72 
and r]h = -1. 

Thus we substitute 

Y^{^?S{P+k-P")f[ h >(0) }$\o) - (36) 



The first term comes from the threshold pion production, |fc„.| = 5W \J (W 2 — M 2 + m 2 ) 2 — 4W 2 m 2 is the pion cm. 
momentum and Eq + is the multipole amplitude. The second term is the sum of the resonance contributions, Mr and 
Tr are the resonance mass and width, the quantities f( R \0) are related to A 3 / 2 an d ^1/2, listed by PDG, as 



V ira V ira ' 

All resonance parameters are from [TJ]. The multipole amplitude Eq + was taken from the MAID analysis 01 ■ For 
the nucleon formfactors we use the well-known dipole fit. 

The dependence of B n versus the cm. scattering angle is displayed on Figure [21 together with the experimental 
data. One can see that the calculated asymmetry for the proton target agrees with experiment. 
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FIG. 2: The beam normal spin asymmetry of the elastic ep scattering at electron energy (a) 0.2 GeV, (b) 0.3 GeV, (c) 0.57 
GeV and (d) 0.855 GeV. Experimental points are from Q,Q< 

We also compare our results with the numerical calculation of Ref. 0, where N and irN intermediate hadronic 
states were taken into account. At E\ a b = 0.2 GeV Ref. gives the result, quite different from our one, as well 
as from the experiment. At higher energy the shape of the curves is similar, nevertheless we predict the maximal 
absolute value about 1.5-3 times larger than [(|. At present we cannot find an explanation for this discrepancy. 

The asymmetry for the neutron target can be calculated in the same way as for the proton. The results are given 
on Figure |21 



VII. CONCLUSION 



We have presented analysis of the beam normal spin asymmetry B„ of the elastic eA^ scattering in the leading 
logarithm approximation. 

Contrary to results of other authors 0, @ obtained for the forward kinematics only, our results are valid for any 
scattering angles, which fulfill the condition sin 9/2 In ^ > 1. The results of Q are valid if the inverse relation is 
satisfied. 

For the forward kinematics we get the following Q-dependence: B n ~ Q 3 In (Q 2 /m 2 ), which coincides with predic- 
tion of @. Nevertheless we get the relation between B n and the hadron electromagnetic transition amplitudes, which 
differs from 

We calculate numerical values of B n on the proton target at intermediate energy, and show that the results are 
consistent with existing experimental data. We also give a prediction for the asymmetry on the neutron target. 



APPENDIX A: INTEGRAL CALCULATION 



In this section we denote k = \k\, k" = \k"\; this cannot lead to a confusion with 4- momenta, since they are not 
used hereafter. 

The integral to calculate is 

rl 3 k" 1 

^lM Y = h + h + h ' <A1) 
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FIG. 3: The beam normal spin asymmetry of the elastic en scattering at electron energy (a) 0.2 GeV, (b) 0.3 GeV, (c) 0.57 
GeV and (d) 0.855 GeV. 



where 



d 3 k" 1 ~ 



k" 2 dk" r , . , „ r dtt" 
k" 2 dk" r dn" 



^ = I -^7J-[MW)-Y (W max )} / — , (A2) 



r i-" 2 dk" r 
h = Y (w max ) j 'L^L j 



2 2 ' 



where Y = Y - Y , Y (W) = Y(W, 0, -Akk" sin 2 9/2). The function Y is zero at q\ = and at q\ = by construction, 
thus the first integral, I\, does not contain logarithmic terms. The angular integration in the last two ones can be 
done using 

dn" 1 f dfl" 



q\q\ Ak 2 k" 2 J (a- cos #i) (a- cos #2) 

I 4tt sin 61/2 + Jo 2 -cos 2 6/2 ^ 

: 111 ■ 



4fc 2 fc" 2 sin fl/^a 2 -cos 2 6/2 Vo^T 



where a = ee fc ^,'" . The quantity a varies from a m i„ = yl + (m8/k) 2 to 00. However a ~ 1 for almost all k" values 
and can be substantially greater only for k" ~ to. Since Yo(W) — Yo(W max ) = at k" = 0, we may put a = 1 in the 
integral I2 everywhere besides the denominator under the logarithm; one can prove that 



/ dk " \ V run v rw M 1 , sh i 0/2 + y/a 2 - cos 2 6/2 

/2 = o>.7„ : „ a /o / —JT iMW) ~ Y ( Wmax)] 7= = = In - 



2fc 2 sin 0/2 ./ c" y uv /J V" 2 - cos 2 0/2 V^=T 



*" r , x , s, 2sin6»/2 . . /A . 

— [Y (W) - Y (Wmax)] In _i + O(m) = (A4) 



2k 2 sin 2 6/2j e " 1 uv ' w ^"^ J "^2TrT 
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The integral I3 is 



nY (W max ) fdk 



2k 2 sin (9 /2 J e" ^a 2 - cos 2 (9/2 



In 



sin 0/2 + yjo 2 - cos 2 9/2 



(A5) 



We introduce new independent variable t defined according to a 2 = 1 + s '" h -f [ 2 , < t < Arsh fcs '^^ 2 . In the following 
we denote a = sin 0/2. After that the integral becomes 



nY (W max ) 
2ko 

7T>o(Wmax) 

2e/fccr 2 



tsht (it 



\/<7 2 + sh 2 t(ecr + m\/er 2 + sh 2 t) 
shi 



\/o- 2 + sh 2 t 



l\tdt 



1 - 



sht 



r/m + \/o" 2 + sh 2 1 / 



(A6) 



The first integral in the square bracket after substitution i = i In " , <r 2 < u < c, reduces to 



I/" du , u — u 1 , 9 1 — it 1 „ , „ 1 / M-l 

- / In - = — In 2 - - -F(u — 1) + -F I = 

2 / 1 - u u-a 2 4 1-CT 2 2 v ' 2 VI - (J 2 



(A7) 



where i* 1 is Spence function, defined by The second integral, up to O(m) terms, can be rewritten as 



sht 



r/m + \/ o 2 + sh 2 t , 



1 - 



2ea/m + e* 



tdf = - In e 



< + — ) 



2eo- — t 



e~* + 1 



(A8) 



The intuitive reason is that the quantity ^ in the denominator is large, so sht should also be large for the fraction 
to be non-zero, thus we may put sht « e'/2. 

Inserting the integration limits, we obtain the final result 



_ 27T 

73 -Q^ 



1 , 2 Q 2 , T 



Q 



- In + F(- cos 2 6/2) - F{5) - ln(l + 5)ln-^ 



m 2 8 4 



mS 



(A9) 
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